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Noniterative Parabolic Grid Generation
for Parabolized Equations

J. K. Hodge,* S. A. Leone,t and R. L. McCarty]
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio

Three-dimensional generalized curvilinear grids are generated for Cartesian, cylindrical, and spherical shaped
bodies using parabolic partial differential equations. Elliptic grid equations are parabolized in an axial direction
consistent with the Parabolized Navier Stokes (PNS) equations or the boundary-layer equations. The parabo-
lized grid equations are solved in a noniterative fashion by marching in two directions. Any limitations of
parabolic grid generation are investigated on convex and concave corners. Even though body surfaces are not
smooth, the grid between axial stations is smoothed. Highly stretched and optimized grids for high Reynold’s
number are accurately and efficiently generated for the first time using parabolic grid equations with a difference
approximation based on exponentials. The grid can also be adapted easily based on a flow solution at the

previous axial station using this approach.

Introduction

UMERICAL generation of boundary-fitted curvilinear

grid systems has contributed significantly to the
development of generalized finite-difference algorithms for
the fluid flow about arbitrary bodies.! Many different grid
generation techniques are available, and are presented in the
proceedings in Refs. 1 and 2. Most techniques are based on
the numerical solution of partial differential equations in a
transformed region which is conveniently selected to be a
square or cubic Cartesian grid. The numerical solution pro-
vides a one-to-one mapping with a general curvilinear grid in
a physical region. The numerical solution of elliptic partial
differential equations® has been developed for grid genera-
tion and used more than other techniques. The numerical
solution of hyperbolic grid equations has also been devel-
oped.* Recently, parabolic equations which are approxima-
tions to the elliptic equations have been introduced by
Nakamura,’ and applied by Noack® and Edwards.”

Advantages and disadvantages of these elliptic, hyperbolic,
and parabolic grid equations are discussed, and then an over-
view of new extensions to the parabolic grid technique
presented in this paper will be given.

The elliptic grid generation equations are based on La-
place’s equation or Poisson’s equation, which normally
guarantees that a maximum principle is satisfied, as long as
Dirchlet boundary values are prescribed and appropriate
forms of the grid control functions are selected. The major
advantages of elliptic grid generation can be attributed to the
solution of Laplace’s equation. As a result of the maximum
principle, a one-to-one mapping is obtained, the Jacobian of
the general transformation is not zero in the interior of the
domain, and a generalized transformation exists. Prescribing
the boundary points for Dirchlet boundary values is also
considered an advantage in many applications, although
these boundary values are given up in some applications to
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obtain orthogonality. The domain of influence of an elliptic
equation and Laplace’s equation could be considered an ad-
vantage since all points in the domain influence each other.
It is a disadvantage when the cost of numerically solving the
equation is considered, especially since the equation to be
solved in the transformed space becomes quasilinear and re-
quires iteration. Finally, the solution to Laplace’s equation is
analytic and therefore provides a smooth grid distribution
with no discontinuities in the interior of the domain, which
may occur with hyperbolic equations.

The hyperbolic grid generation equations are usually
chosen from orthogonal relations and by prescribing the
Jacobian. Therefore, an orthogonal grid is generated which
may be an advantage in some applications. The major ad-
vantage of the hyperbolic equations is that a marching solu-
tion can be obtained requiring no iteration, and thus the cost
of numerically solving the hyperbolic equations is low com-
pared to elliptic grid generation. However, in the numerical
solution artificial damping terms for stability are required,
outer boundary points can not be prescribed, and discon-
tinuities are allowed. Discontinuities at boundaries propagate
throughout the interior of the domain. Grid generation equa-
tions which smooth out such discontinuities but would allow
numerical solution by marching would avoid the major
disadvantages of both the hyperbolic equations and the ellip-
tic equations.

The parabolic grid equations are chosen to be approxima-
tions to the elliptic equations; thus most of the advantages of
the elliptic equations can be obtained depending on the ap-
proximations. The one-to-one mapping of elliptic equations
should be approximated. Since this mapping must be re-
quired, this is a major question for parabolic grid genera-
tion. Smoothness should also be obtained with parabolic
equations. Boundary values can be prescribed even in the
direction of marching with appropriate approximations. The
domain of influence is controlled by the approximations to
the extent desired, but numerically the domain is limited to
the parabolic domain behind the marching directions.
Numerically, the equations can be solved by marching, and
thus the cost is significantly lower than for the elliptic equa-
tions. Control of the grid distribution can be accomplished
as for elliptic grids, but appears to be easier because of the
limited domain of influence, thus allowing easier grid adap-
tion based on flow solutions. This could be a major advan-
tage of parabolic grids, especially when coupled to flow solu-
tions which have the same parabolic character as the grid
generation. Therefore, parabolic grid generation has some
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major advantages which could be valuable if the approxima-
tions to the elliptic equations are valid. If the limitations of
the approximations can be documented, and solutions
recommended, then parabolic grid generation can become a
very valuable tool for grid generation.

One of the objectives of this paper is to document limita-
tions of various approximations that give parabolic grid
generation equations and then recommend solutions. These
limitations are related to the complexity of the boundaries.
For simple geometries, very simple grid generation tech-
niques will work and will be much more efficient and cost ef-
fective. Therefore, one-dimensional grid generation will be
covered first.

The one-dimensional grid generation technique in this
paper has some unique aspects. The one-dimensional or-
dinary differential grid equation approximates the elliptic
equations along a grid line in each direction in many cases.?°
The elliptic equations are chosen such that the one-dimen-
sional grid equation is linear and can be solved by the solu-
tion of one tridiagonal matrix equation. Also, if the grid
control function is chosen to be a constant, then an
analytical solution is of exponential form, and an exact
numerical solution is obtained except for round-off error by
assuming an exponential form instead of a polynomial.!?

The one-dimensional technique is then extended to the
two-dimensional parabolic grid equations. A simple para-
bolic equation (which has an analytical solution) is solved first
on a flat plate, then on a convex corner, and finally on a
concave corner. The elliptic equations are then approximated
to avoid limitations that occurred on the concave corner.
The parabolic grid solution is also demonstrated for a curved
surface for a polar grid with the same program without in-
troducing a singularity.!! These two-dimensional parabolic
grid solutions are uniquely different than those obtained by
Nakamura,’” Noack,® or Edwards.” The grid equations are
parabolized in the axial direction and not in the radial direc-
tion, thus allowing coupling with PNS or boundary-layer
solutions. The equations also have the elliptic grid control
functions to vary grid spacing in both axial and radial direc-
tions. In fact, in some cases the spacing in the radial (or nor-
mal) direction is optimized based on power law profiles and
is a function of the Reynold’s number and axial length. The
stiffness of the equations in the radial direction, because of
the large control functions, does not cause any significant
degradation in efficiency or any grid oscillations.

The two-dimensional parabolic grid generation equations
are easily extended to three dimensions simply by approx-
imating the elliptic equations and marching in two direc-
tions. The planes are dependent, so discontinuities will be
smoothed. This is uniquely different than Noack’s® axis-
normal grid, in which the planes are all independent, thus
allowing discontinuities to exist. Three-dimensional grids
were generated for a flat plate, a cylindrical biconic surface,
and a spherical surface with varying radius and offset inner
and outer boundaries.

One-Dimensional Grid Generation

One-dimensional grids can be generated by the numerical
solution of an ordinary differential equation that is an
analog or approximation of the elliptic partial differential
equations used in multidimensional grid generation. These
grids can be used in one-dimensional model problems or to
generate two-dimensional or even three-dimensional grids for
configurations that are not very complex and are smoothly
varying. The numerical solution of the ordinary differential
equation can be accomplished in a fashion similar to the
solution of the elliptic partial differential equations.

A one-dimensional grid equation that is an analog of
Thompson’s original partial differential equation® was
studied by Ghia and Hodge.®? The resulting equation was
quasilinear to third order and stiff when the grid control
function was optimized for high Reynold’s number flow prob-
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lems, and was thus very difficult to solve numerically. Ghia
solved the equation by using upwind-directed differences, by
quasilinearizing the third-order term, and by solving a
tridiagonal matrix which was then iterated until convergence.
Hodge solved the one- and two-dimensional equations by us-
ing upwind-directed differences, by calculating locally op-
timized Successive Over Relaxation (SOR) parameters, and
then solving by SOR iteration. The upwind differencing
eliminated oscillations and caused numerical truncation er-
ror, which is not a problem unless an accurate solution of
the original grid equations is important for optimization
reasons. In this paper, a slight modification of the questions
and a different numerical approach will avoid the problems
of lack of linearity, stiffness, and accuracy.

Equations
A linear one-dimensional grid equation results when a
modified form of Thompson’s elliptic equations'>!3!* is
used. The equation is

Py +Por, =0.0 (1)

where 7 is the transformed coordinate and r is considered to
be any appropriate coordinate such as x, y, or z in a Carte-
sian coordinate system, 7, 6, or z in a cylindrical system, r, 6,
or ¢ in a spherical system, or arc length s. This equation can
be solved analytically in special cases.

Analytical solutions for two cases are of interest. First, if
the grid control function P, is zero, then a constant step-size
grid is generated. Second, if P, is a constant, then the solu-
tion is of exponential form, and the physical grid step size
varies exponentially. Many grids are currently generated
analytically for turbulent flow about simple geometric con-
figurations with similar exponential functions. The preceding
differential equation thus gives families of exponential grids.
A constant outer grid and inner exponential grid would
result from changing P, from a constant to zero in the in-
terior of the domain, thus avoiding grid embedding, if Eq.
(1) is solved numerically.

Since exponential grids are required for viscous flows, the
numerical solution of Eq. (1) is also based on an exponential
form. Roscoe!® refers to such a numerical scheme as the
unified difference representation (UDR), and the difference
equation for Eq. (1) is

— (=P +p(P)E N + (1 + Ey)r;
— [p(Py) + (= P)E> 11,1 =0.0 (2a)
p(P)=0, if P,<0; u(Py)=1, if P,>0 (2b)
0,= 1P, | Qo)

E, =exp(— Q) (29)

If the grid control function P, is a constant, than an exact
solution to Eq. (1) is obtained numerically for any number
of grid points except for round-off error. Large errors result
if the usual finite-difference approximations based on first-
or second-order polynomials are used. When P, is not a con-
stant, there are truncation errors in the UDR solution depend-
ing on the variation from an exponential. In all cases that
have been attempted, Eqgs. (2) have resulted in more accurate
numerical solutions.

Since the one-dimensional grid equation is linear, the dif-
ference equation is linear and requires no iteration. Two
boundary values are specified, and then a tridiagonal algo-
rithm solves the linear system of difference equations very
efficiently. The differential equation is solved accurately
also, which may be important for grid optimization.
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Grid Optimization

The truncation error of finite-difference flow solutions
depends on the number of grid points, but the distribution
of grid points can be optimized also to reduce truncation er-
ror.” A simple analytical example can illustrate how the grid
can be optimized, and if Eq. (1) is solved numerically, an ac-
curate solution is required.

Consider a power law velocity profile in a boundary layer.
The power law profile in the physical coordinate is mapped
into a second-order polynomial in the transformed coor-
dinate: thus conventional second-order differencing of deriv-
atives with respect to the transformed variable will give zero
truncation error! The profile and its derivates are given by

U= Y1/m =2 (a)
U, =23 (3b)
U, =2 3¢

Unjpjy =0 (d)

where Y, U, and 7 are normalized to vary from zero to one.
Note that all higher order derivatives in the transformed
space of the velocity profile U, and thus truncation error,
are zero. The derivatives of the physical coordinate with
respect to the transformed coordinate are

Y, =2mmj2m! (4a)
Y, =2m(2m—1)q2m=D (4b)

(Note, however, that numerical approximations to these
derivatives will introduce error.) By substituting in Eq. (1)
and solving for P,, the optimum grid control function for
power law profiles is

P,=—-Q2m~-1)/q )

The constant m is normally 2 for laminar boundary layers
and changes to 7 for turbulent boundary layers. Thus, an
optimized one-dimensional grid can be generated by
numerically solving Eqs. (2) with the control function given
by Eq. (5). An exact solution is not obtained by the UDR,
but the error is less than that for a finite-difference approx-
imation, especially when m=7.

Results

As an illustration, a two-dimensional grid is generated
based on the one-dimensional grid equation for a laminar
boundary layer with a power law profile. A laminar bound-
ary layer grows proportionally with the square root of the
axial distance. Thus, the one-dimensional grid is scaled with
the axial distance to give the grid shown in Fig. 1. The
physical grid with the leading edge singularity maps to a rec-
tangular region with a square grid in the two-dimensional
transformed coordinates as discussed in the next section.

Re=1x10°
P, =-.05

0025+

Fig. 1 Optimized grid for power law profile on flat plate (one-
dimensional grid equation).
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Two-Dimensional Parabolic Grid Generation

Two-dimensional grids can be generated by the numerical
solution of parabolic partial differential equations that are
similar to the preceding one-dimensional grid equation. A
simple parabolic equation which has an analytical solution
will be investigated first. Then two-dimensional elliptic equa-
tions will be parabolized by making some approximations
similar to Nakamura.’> However, the grid control function
for variable grids will not be assumed to be zero, and the ap-
proximations and thus marching direction will be in an axial
direction. The above one-dimensional grid technique is ex-
tended to the two-dimensional procedure. Although this ap-
proach applies in general, the equations are simplified for an
axis-normal grid. Results are then given to illustrate the
limitations of the approximations and solutions to the
limitations.

Equations

A simple parabolic partial differential equation similar to
the preceding one-dimensional grid equation can be used for
two-dimensional grid generation in some cases. The follow-
ing equation is proposed:

Rry=r,+P,r, (6)

where R is a smoothing parameter and ¢ is the marching
direction. This equation has an analytical solution of the
form

r=e~ (W/Rg(Py2n (451 — Be=Cn) )

where A, B, C, R, P,, and \ are constants. Part of this solu-
tion has an exponential form similar to the one-dimensional
grid equation given by Eq. (1), and will generate highly
stretched grids for large Reynold’s number. The solution is
also multiplied by another exponential factor which will
damp or smooth variations in the ¢ coordinate direction over
approximately 3\2/R steps.

Another form of smoothing is introduced in the numerical
solution of Eq. (6). A first-order backward difference is used
for the ¢ derivative, and its truncation error term has a
smoothing effect. The other derivatives are approximated by
the UDR for nonhomogeneous equations. !¢

The one-dimensional grid equation is used to generate the
initial boundary values to start the solution. At the next axial
plane, the linear difference equation is solved by a tridiago-
nal algorithm. By marching in the axial direction, a grid is
generated throughout the interior of the domain. At the last
axial location in the domain, either a zero gradient or an ex-
trapolation boundary condition are applied. Boundary points
at this last location have no effect on the grid at previous
locations and cannot be prescribed arbitrarily when Eq. (6) and
the damping parameter are used.

The parabolic grid equation in Eq. (6) can be extended by
adding a source term. This second form of a parabolic grid
equation is

Rry=r, +P,r,+S(Ar) (8)

This form without the grid control P, =0 is similar to the
form proposed by Nakamura,® which was related to the
elliptic grid equations.

The proposed form of the two-dimensional parabolic grid
generation equations is derived by starting from the elliptic
grid equations. The elliptic grid equations for mapping be-
tween the physical space and the transformed £,7 space are
of the form

oc“(rg£+P1r£)+a22(rw+P2rﬂ): —2apry, 9)

where r is chosen to be either (x,»)7 in a Cartesian coor-
dinate system or (r,0)7 in a polar system. For a Cartesian
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system the coefficients are given in Thompson.! If only an
axis-normal grid is required, one coordinate is prescribed (x,
for example) or generated by one-dimensional equations,
and the other coordinate (y) is obtained from Eq. (9).

To parabolize the elliptic equation in an axial direction (¢
direction), any second derivatives with respect to £ are ap-
proximated by central differences. The second derivative
with respect to £ is split into the difference between the first
derivatives. The equation becomes

fay 1+ Quu(=P)) 1 3rsu_12=ayn(r, +P,r,)
+ian [T+ Q (P e 12+ 20,0, ) (10)

which is of the same form as Eq. (8). Thus, the part of the
difference approximations at i+ 1/2 becomes the source term
which must now be prescribed or approximated to obtain a
marching solution. The source term is primarily a slope
which can be approximated by prescribed points at some I+
location. This I+ location may be anywhere between the cur-
rent axial solution station and the last axial location in the
domain, and may be fixed or moving at a prescribed interval
ahead of the solution. For example, /" may be i+1 or i+35,
but limited to the last axial location (i=IMAX). The points
are prescribed by solving the one-dimensional grid equation
[Eq. (6)] at the I+ location (identical to the “‘locally
similar’® procedure used by Ghial’> as a guess for the elliptic
equations). The localized orthogonality procedure used by
Nakamura and Edwards could also be implemented at this
point; it was not investigated for this paper, but has been
done by Miller.'6

The parabolic difference equation for Eq. (10) can now be
obtained. The § derivatives are approximated by first-order
directed differences, and y derivatives by the UDR. The dif-
ference equation is linear if the coefficients are constant, and
can be solved by a tridiagonal algorithm without iteration.
Since the coefficients depend on the solution, they must be
approximated from the solution at the previous axial station
or from the following one-dimensional solutions that are
generated at I*. An option to iterate on the coefficients is
available, but is usually unnecessary. )

The parabolic grid generation procedure for axis-normal
grids can be summarized by the following:

1) Lower (j=1) and upper (j=JMAX) axial boundary
points are prescribed or obtained by one-dimensional grid
generation [Eqgs. (2)].

2) The initial axial boundary points are solved at i=1 and
i=2 by one-dimensional grid generation [Egs. (2)].

3) The I'* location is prescribed and the one-dimensional
grid generation [Eqgs. (2)] provides the approximation to the
source terms.

4) The metrics and coefficients are approximated.

5) The two-dimensional equation is solved by a
tridiagonal algorithm startihg at i=2 (=1 for a symmetry
plane).

6) Steps 3-5 are repeated by marching in an axial
direction.

7) The last axial station is approximated by extrapolation
or by a zero gradient. Thus, two tridiagonal solutions are re-
quired at each axial location depending on 7™ (only one if
It is the last axial location). If the coefficients were iterated,
an additional tridiagonal solution would be required per
iteration.

Results

Grids were generated using the two-dimensional procedure
primarily to investigate any limitations or problems with the
parabolic grid equations. The simple parabolic grid equation
without a source term was investigated first. Grids on convex
and concave corners were used to illustrate any problems
caused by large curvature and to demonstrate the smoothing
ability of the parabolic technique. The parabolized grid
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equation that approximates the elliptic grid equations was
then investigated.

Convex Corner

Grids were first generated on a convex corner using the
simple parabolic grid equation [Eq. (6)]. Grids (21 X22) on
a convex 45 deg corner are shown in Fig. 2. For R=0, which
reduces to a one-dimensional grid, the discontinuity in bound-
ary slope caused discontinuities in the grid slopes (and thus
metrics) in the interior of the domain as shown in Fig. 2a. A
90 deg convex corner would exaggerate this even more. For
R=3, the discontinuities are smoothed dramatically as
shown in Fig. 2b. The amount of smoothness required,
however, is a function of the flow solution and algorithm.
This illustrates that the parabolic grid equation smooths the
grid as expected based on the analytical solution. The trunca-
tion error caused by the first-order derivative approximation
is a second way in which the grid is smoothed. Note that
both of these ways only smooth the grid downstream in the
marching direction, which is expected from the parabolic
nature of the grid equation. No problem with one-to-one
mapping occurred even when P, was very large.

Concave Corner

Grids which were generated on a concave corher using the
simple parabolic grid equation [Eq. (6)] did have a one-to-
one mapping problem. The grid crossover at the. boundary
with a 45 deg slope is shown in Fig. 3 for R=1. This grid is
unacceptable since the Jacobian of the transformation goes
through zero at some point, and therefore the transforma-
tion between physical space. and transformed space does not
exist. The damping parameter R must be reduced to a small
value. Then the boundary discontinuity causes discontinuities
in the metrics very similar to those occurring in one-dimen-
sional grid generation.

Concave Corner with Source

The one-to-one mapping problem for the concave corner
can be solved by adding a slope or source term to Eq. (6). A
more appropriate source term can be obtained from an ap-

1.0
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AN B gy
; Y R=0 ~Ry -
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P, =-.02 ~Z
P,=0
1.0 T 1 1
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0 iy Ny g
= 0 R=1 \3 \E\\
P, =-02
P =0 ~
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0.0 0.5 1.0
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Fig. 2 Convex corner with and without smoothing by simple two-
dimensional parabolic grid equation.
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proximation of the elliptic equations. The parabolic dif-
ference equation with a source term was solved. The
resulting grid with 7/* =i+1 is shown in Fig. 4a. With the
source term a one-to-one mapping problem did not occur on
the convex corner, and the discontinuities were smoothed.
More smoothing is shown in Fig. 4b with I* =i+5. Note
that the grid is now smoothed before the discontinuity that is
characteristic of elliptic grids. However, this influence can be
controlled if desired (5 grid lines here!). Prescribing I+ at
the last axial boundary would decrease the computation time
by a factor of almost half, but this may cause too much
smoothing and could lead to a one-to-one mapping problem
for other cases. Take a wavy wall for example; I* should be
less than the number of grid points in each quarter cycle for
the wavy wall. Thus, this limitation of parabolic grid genera-
tion can be easily solved.

Convex Corner with Source

Although the source term was not required for convex cor-
ners or surfaces, the parabolic difference equation was also
solved for the convex corner. The grid for It =i+5,
P,=—.05, and two iterations is shown in Fig. 5. Some
smoothing occurs and a small step size is obtained at the cor-
ner. This step size is larger for It =i+1. Therefore,

1.0
==
5 =
._] f—3
> 0.0 : ~
R=
P, =-.02
P =
2
—-1.0 T 1
0.0 05 1.0
X/L

Fig. 3 Concave corner with smoothing by simple two-dimensional
parabolic grid equation.
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Fig. 4 Concave corner with smoothing by two-dimensional
parabolic grid equation.
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+ =i+1 is recommended for convex corners. This corner
does cause a problem if large values of P, are prescribed and
a highly stretched grid is desired. A one-to-one mapping prob-
lem can occur at the corner, but can be solved by iterating at
least once on the coefficients of Eq. (9). This was done to
generate the grid in Fig. 5. Another solution is to decrease
the source term magnitude near a convex boundary with
large curvature. Another solution is to use intermediate
transformations that change the curvature problem to only a
problem with variations in the curvature.

Polar Grid

An intermediate transformation can be used to minimize
the problems encountered by parabolic grid generation for
configurations with convex surfaces. For two dimensions,
the grid can be generated in terms of polar coordinates. This
will limit problems to changes in curvature. An example for
a cylinder is shown in Fig. 6. A symmetry condition is neces-
sary at each end of the grid, and can be approximated
easily.

Flat Plate

The two-dimensional parabolic grid equations were solved
on a flate plate, with the optimized grid control function for
power law profiles in Eq. (5). Transition from laminar flow
m=2 was prescribed at the quarter chord, and fully tur-
bulent flow m=7 was prescribed at midchord. Thus, a dis-
continuity in the grid control was prescribed. The parabolic
equations smoothed this discontinuity using I+ =i+5, as
shown in Fig. 7 for a Reynold’s number of one million. This
is only the first step towards optimized grid control. The
parabolic grid generation technique can be efficiently used in
a boundary-layer program where the optimized grid control
is based on the computed profiles. The same grid shown in
Fig. 7 was also generated in an initial plane by the three-
dimensional parabolic grid equations.

L0 T o
S o
b I
NN
P,z -02 S
P,= -.05
-1.0 T ]
0.0 05 1.0
X/L

Fig. 5 Convex corner with smoothing by two-dimensional
parabolic grid equation.
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Fig, 6 Circular cylinder in polar coordinates by two-dimensional
parabolic grid equation,
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Three-Dimensional Parabolic Grid Generation

Once the procedures for two-dimensional parabolic grid
generation have béen developed, the procedures for para-
bolic three-dimensional grid generation are almost identical.
The three-dimensional elliptic equations can be approx-
imated to march only in one direction, and an iterative solu-
tion (equivalent to solution of two-dimensional elliptic equa-
tions) is required at each surface in general, or at each axial
plane if an axis-normal grid is required. The three-
dimensional elliptic equations can also be approximated to
march in two directions, and then three-dimensional grid
generation is analogous to a combination of two-dimensional
parabolic grid generations, except for the addition of more
terms to each equation. In either case, the planes are tied
together so discontinuities are smoothed.

Equations

The three-dimensional elliptic grid equations can be writ-
ten in general'*!? as

oz“(rg,E +Pire)+ ozzz(rm7 +P2rn)

t gy (r+ Pyr) = — 2ol + sl + sl (11a)
where
3
Q= E Yni'Y nj (11b)
n=1

and v;; is the ijth signed cofactor of the following matrix

re T, T

02 071 0(

2y 2, Zp (11¢)

where r=(z,r,0)7 for cylindrical coordinates. The singularity
in cylindrical coordinates is avoided,>" and all coordinates
are treated nondimensionally. Essentially, an intermediate
transformation between the physical coordinates and the
transformed coordinates (£,7,¢) is introduced. Also, Carte-
sian coordinates with r= (z,»,x)7 or spherical coordinates
with r= (¢,r,0)7 are generated by the same equation. The
physical coordinates are rotated in the definition of r for
programming convenience, but are defined in a right-hand
system.

005
TRANSITION: X/L = .25
TURBULENT: X/L = 5
‘ Re = 1 = 108
‘ P,=- .02
‘ *=i+5
t
i I
h\ !
> .
| —
—
pERaE
000 - =
00 05 1.0
X/L

Fig. 7 Optimized grid for power law profiles with transition on
flate plate (two-dimensional parabolic grid equation).
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For an axis-normal grid, the coefficients simplify
dramatically since z=2z(£) only. In addition, 8=¢ is also
chosen. For this case, only one of the three equations
represented by Eq. (11a) must be solved. The general pro-
cedure is illustrated, however, and numerically each equation
is similar.

The elliptic equation is parabolized in both the ¢ and ¢
directions in an analogous fashion to the procedure used for
the two-dimensional equations. Similar difference approx-
imations give the final difference equation for a three-
dimensional axis-normal grid as

—apD{{p(—=P)+u(PHE,]r; 1,

(P +u(=P)E)  rjp ko )+ Loy [1+Qu(—Py)

+ [1+QuuP)/ (I =i)] +ag [T+ Qyu(—Ps3)
+[1+Quu(P) ]/ (Kt —~k) ]

topDA+E)Yr; p=ay { [1+Qu(=P)1r_, ;4

+ I+ QuuP)I/ T =0y i} +ag {11+ Quu(—Py)Ir,
+ U1+ Qsu(P3) /(K™ =k ke Yt an (Fry jui e —Tis a1
“Trejetk i) T =i 1)y 2005 (g ey =Ty i
—Figk+ Frice- )/ =i+ /KT —k+1)

to (Fijerks —Tij-1,6+

“Tijat—1 - 1)/ (KT —k+1) (12a)

D=Q/(1-E) if 0=10-6

=1/(1-Q/2+ Q*/6—Q%/24+Q*/120) if Q<105
(12b)

where u(P), Q, and E are defined in Eqs. (2) with a sub-
script added to correspond to P, or P, or P;. The limiting
form of D near P=0 is handled by a five-term Maclaurin’s ex-
pansion. Note that source terms which are approximated by
one-dimensional grid generation [Egs. (2)] occur in both
marching directions. Both I* and K+ must be prescribed. This
difference equation is also linear if the coefficients are approx-
imated, and is solved without iteration (or could be iterated) by
a tridiagonal algorithm.

The three-dimensional parabolic grid generation procedure
is almost identical to the preceding two-dimensional pro-
cedure summary, except for the extra marching direction and
the handling of boundary points if they are generated and
not prescribed. Boundary points can be prescribed or

TRANSITION: X/L = .25
TURBULENT: X/L= 5
Re=1x 108
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Fig. 8 Optimized grid for power law profiles with transition on
flate plate (three-dimensional parabolic grid equations).



548 HODGE, LEONE, AND McCARTY

i

AN
NN

SN
N

SONN\Y

WHEREE
T ——

X

Fig. 9 Cylindrical grid on biconic by three-dimensional parabolic
grid equations.

generated by one-dimensional, two-dimensional, or three-
dimensional grid generation equations. The three-dimen-
sional equations would be used for a symmetry plane on a
boundary, and complicates the procedure because of the
multiple options, some of which must be in the marching
loops. Points at corners are prescribed or generated by one-
dimensional grid generation. Thus, the major complication
in going to three dimensions was not the interior grid genera-
tion, but obtaining the boundary points and visualizing the
results.

Results

Grids were generated using the three-dimensional para-
bolic procedure with very little computer time. Limitations
for the three-dimensional procedure were analogous to those
in two dimensions, and problems because of boundary cur-
vature were handled in an analogous way. Three examples
are presented consisting of a case in Cartesian coordinates
(plate) for use in a boundary-layer solution, a case in cylin-
drical coordinates (aft section of a biconic) for use in an
axis-normal PNS solution, and a case in spherical coor-
dinates (spheroid with offset outer boundary) for a PNS
blunt body starting solution.

A three-dimensional (21 x21x19) grid for a flat plate is
shown in Fig. 8. The grid was generated in Cartesian coor-
dinates r= (z,7,x)7. The outer boundary was prescribed in
terms of the theoretical solution for boundary-layer
thickness for a Reynold’s number of one million. The lead-
ing edge singularity is shown, and causes the only problem in
the grid generation if too much smoothing is implemented by
prescribing a large I* wvalue. A gap between the last
generated j=JMAX—1 grid points and the outer boundary
j=JMAX would occur. For the case shown, I* =i+1 and
K+ =k+1 was prescribed, and an excellent grid was
generated. The grid control function of P, and Py= —0.02
was prescribed in the x and z directions. The grid control in
the normal (y) direction was optimized according to the
laminar and turbulent power law profile given in Eq. (5).
The corner points at the axis center and singularity were
trivially generated by the one-dimensional grid equations.
The k=1 surface on the z axis and the i=1 surface on the x
axis were generated by the three-dimensional parabolic grid
equations with coefficients that essentially reduce to two-
dimensional parabolic grid equations. This simple configura-
tion does not illustrate the generality of the procedure, but
provides an excellent test case for code checkout.
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Fig. 10 Spherical grid on spheroid by three-dimensional parabolic
grid equations.

Biconic

A three-dimensional axis-normal (21 x21x19) grid for a
10 deg/20 deg biconic is shown in Fig. 9. The grid was
generated in cylindrical coordinates. The outer boundary was
circular, with an offset along the y axis. The radius was ar-
bitrarily increased axially similar to laminar growth of a
boundary layer. The z points and 6 points were both
generated by one-dimensional grid generation with P, and
P;=—.02. The power law profile was arbitrarily used for
P,. The corner points at i=1 and k=1 were generated by the
one-dimensional equations. The k=1 (#= —7/2) and i=1
(z=0) surfaces were generated by the three-dimensional
parabolic grid equations that essentially reduce to two-
dimensional parabolic equations. Extrapolation conditions
were used at the i=/MAX (z=1) boundary, and zero gra-
dient conditions at k=KMAX (#=x/2). The grid was
smoothed using I* =i+ 5 and K* =k+ 1. The smoothing at
the compression surface (concave corner) cannot be seen
well in the three-dimensional perspective view, but is similar
to that shown for two dimensions in Fig. 4. The i=1, k=1,
k=KMAX, j=1, and j=JMAX surfaces are shown in Fig.
9. No problems were encountered for this grid. The only
problem ever encountered was identical to a two-dimensional
problem with a combination of a very fine grid at a large ex-
pansion angle (convex corner). The solution to this problem
also was to iterate at least twice on the coefficients, or to
reduce the effect of the source terms near convex surfaces.

Spheroid

A three-dimensional (21 x21x 19) grid for a spheroid was
gencrated and is shown in Fig. 10. The grid was generated in
spherical coordinates. The outer boundary is spherical and
the inner boundary or body is axisymmetric and varies in
radius from the negative y axis to the positive y axis. The
only major difference in this grid is that it is not an axis-
normal grid, and the spherical coordinate singularity has
been generated without any difficulty. This is more of a
surface-normal grid for the solution of elliptic flow equa-
tions in a blunt nose region; the grid is not orthogonal and a
local orthogonality condition could be implemented for this
case.

Conclusions and Recommendations

Parabolic grid generation equations were used to suc-
cessfully generate numerous two- and three-dimensional
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grids in terms of Cartesian, polar, cylindrical, and spherical
coordinates.

Unique extensions were made in generating one-dimen-
sional grids by accurately and efficiently solving a linear dif-
ferential grid equation. Efficiency was obtained by choosing
a linear grid equation which could be solved without itera-
tion. The linear equation also admits exponential grid solu-
tions appropriate for high Reynold’s number turbulent flow,
which is also solved accurately numerically by assuming an
exponential solution form. Optimization of the grid to
minimize flow solution truncation error was demonstrated
for a power law velocity profile. This one-dimensional grid
generation procedure was then extended to both two and
three dimensions.

Unique extensions were made in generating two-dimen-
sional grids in terms of Cartesian or polar coordinates using
parabolic grid equations. Elliptic equations were parabolized
to allow marching in an axial direction consistent with flow
solutions of parabolic equations such as PNS and boundary
layer. Grid-control functions which allow highly stretched
grids, especially those normal to a surface, were incor-
porated. Thus, grid embedding and interpolation are not
necessary! The parabolic grid equations are solved accurately
and efficiently without iteration in most cases. The ability to
smooth the grid even with surface discontinuities was
demonstrated and can be controlled for concave corners.
Solutions to a one-to-one mapping problem at a convex cor-
ner with a very fine grid are identified. These solutions are
also appropriate for three-dimensional grids.

The unique extensions in the one- and two-dimensional
grid generation were extended to three dimensions where
elliptic grid generation is expensive. By marching in two
directions, grids which approximate elliptic grids were
generated without iteration at a cost of two tridiagonal solu-
tions per grid line. For the axis-normal grids in this paper,
only two times /IMAX times KMAX tridiagonal solutions
were necessary for the three-dimensional grids. In addition,
the grid was only stored at three axial stations, thus saving
computer memory. This has allowed grids to be calculated at
each axial step in an explicit marching solution of the PNS
equations where the axial step size is calculated based on
stability (McCarty and Hodge'®). The parabolic grids in this
paper have been used with the boundary-layer equations.'?

Further extension of this research is recommended in
several areas. First, local orthogonality near surfaces that
have been implemented by Nakamura and Edwards should
be added. Second, the full parabolic grid equations should
then be solved to generate surface-normal grids in addition
to axis-normal grids (see Miller'¢). Third, if parabolic grid
generation does not handle a particular configuration for
some reason, then elliptic grid generation should be used
with parabolic grid generation as an initialization procedure
for the iterative elliptic equations. Finally, adaptive grid pro-
cedures should be attempted, especially when some type of
space marching flow solution is used.
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